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Abstract
The domain D(δ2) of the square of a closed ∗-derivation δ in C(K) (K is a compact Hausdorff space)
is a generalization of the space C(2)[0,1]. In this paper, we determine extreme points of D(δ2)∗1 and the
structure of surjective linear isometries ofD(δ2) with some graph norm.
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1. Introduction
Unbounded derivations in commutative C∗-algebras are very important and interesting ob-
jects. We are interested in the structure of some special linear operators on the domain D(δ) of
a closed ∗-derivation δ in C(K) (K is a compact Hausdorff space) and we obtained in [3] struc-
ture theorems of surjective linear isometries of D(δ) equipped with some graph norms (cf. [1]).
We further wish to extend these results to the higher order cases D(δn). However, since it is too
complicated to control the functional calculus for δn as in [3], we will investigate the special
case.
Now, let K be a compact Hausdorff space and let δ be a linear operator in C(K) with the
domain D(δ) which is a norm dense ∗-subalgebra of C(K) where ∗-operation is given by the
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δ(f ∗) = δ(f )∗ (f, g ∈D(δ)), then δ is called a closed ∗-derivation in C(K).
The domainD(δ2) of δ2 is {f ∈D(δ): δ(f ) ∈D(δ)}.D(δ2) is a unital ∗-subalgebra in C(K).
δ2 is not necessarily a closed operator, but the following holds. If fn ∈D(δ2), fn → f , δ(fn) →
g1 and δ2(fn) → g2, then f ∈D(δ2) and δ2(f ) = g2. Hence, D(δ2) becomes a Banach space
under the following norm which is called M-norm:
‖f ‖M = max
{‖f ‖∞,∥∥δ(f )∥∥∞,∥∥δ2(f )∥∥∞} (f ∈D(δ2)).
We shall use the following three properties of δ frequently in the proofs.
Property A [4]. If f ∈D(δ) is constant in a neighborhood of x ∈ K , then δ(f )(x) = 0.
The following two properties are square versions of the corresponding properties of δ and are
verified easily [4].
Property B. For f (= f ∗) ∈D(δ2) and h ∈ C(2)([−‖f ‖∞,‖f ‖∞]), h(f ) (= h ◦ f ) ∈D(δ2)
and δ(h(f )) = h′(f )δ(f ) and δ2(h(f )) = h′′(f )δ(f )2 +h′(f )δ2(f ), where h′ means the deriv-
ative of h.
Property C. Suppose thatD(δ2) is norm dense in C(K). Let J1 and J2 be disjoint closed subsets
of K . Then there is an element g ∈D(δ2) such that
g = 0 on J1, g = 1 on J2 and 0 g  1.
Now, we shall state notations. For a Banach space B , B∗, B∗1 and extB∗1 denote the dual space
of B , the closed unit ball of B∗ and the set of extreme points of B∗1 , respectively. T denotes the
unit circle {z ∈ C: |z| = 1} in the complex plane. For each fixed x ∈ K , we define three linear
functionals ηx , ηx ◦ δ and ηx ◦ δ2 on D(δ2) by
ηx(f ) := f (x)
(
f ∈D(δ2)),
(ηx ◦ δ)(f ) := δ(f )(x)
(
f ∈D(δ2)),(
ηx ◦ δ2
)
(f ) := δ2(f )(x) (f ∈D(δ2)).
Let K(δ) be the set of x ∈ K such that ηx ◦ δ = 0 and let K(δ2) be the set of x ∈ K such that
ηx ◦ δ2 = 0, that is,
K(δ) = {x ∈ K: ∃f ∈D(δ2) such that δ(f )(x) = 0}.
K(δ2) = {x ∈ K: ∃f ∈D(δ2) such that δ2(f )(x) = 0}.
K(δ) and K(δ2) are open sets in K and K(δ) ⊂ K(δ2) ⊂ K(δ). Indeed, for an arbi-
trary x0 ∈ K(δ), we take a function f (= f ∗) ∈ D(δ2) such that δ(f )(x0) = 1 and h ∈
C(2)([−‖f ‖∞,‖f ‖∞]) such that h′(f (x0)) = 0 and h′′(f (x0)) = 1. From Property B, h(f ) ∈
D(δ2) and δ2(h(f ))(x0) = 1. Thus we have x0 ∈ K(δ2). We next assume that there exists
x0 ∈ K(δ2) ∩ (K(δ))c , where (K(δ))c denotes the complement of K(δ). We can take an open
neighborhood U of x0 in K(δ2)∩ (K(δ))c . Then there exists f ∈D(δ2) such that δ2(f )(x0) = 0
and δ(f )(x) = 0 for all x ∈ U . This contradiction implies K(δ2) ∩ (K(δ))c = ∅.
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Throughout this section, let K be a compact Hausdorff space and let δ be a closed ∗-derivation
in C(K). The norm of f ∈D(δ2) is defined by
‖f ‖M = max
{‖f ‖∞,∥∥δ(f )∥∥∞,∥∥δ2(f )∥∥∞}.
In this section, we determine extreme points of D(δ2)∗1.
Let W be the compact Hausdorff space X1 ∪ X2 ∪ X3 (topological sum with X1 = X2 =
X3 = K). We define f˜ on C(W) (f ∈D(δ2)) by
f˜ (w) :=
{
f (w) if w ∈ X1,
δ(f )(w) if w ∈ X2,
δ2(f )(w) if w ∈ X3.
Then D(δ2) may be embedded as a closed subspace of C(W). That is,
Lemma 2.1. ψ :f → f˜ is a linear and norm-preserving mapping betweenD(δ2) and the closed
subspace S := {f˜ : f ∈D(δ2)} of C(W).
We show that if D(δ2) is norm dense in C(K), the expressions of αηx (α ∈ T ), α(ηx ◦ δ)
(α ∈ T , x ∈ K(δ)) and α(ηx ◦ δ2) (α ∈ T , x ∈ K(δ2)) are unique. At first, suppose that
α1(ηx1 ◦ δ) = α2(ηx2 ◦ δ)
for x1, x2 ∈ K(δ) with x1 = x2. We take a function f1 (= f ∗1 ) ∈D(δ2) such that δ(f1)(x1) = 0,
an open neighborhood U1 of x1 and an open neighborhood U2 of x2 such that U¯1 ∩ U¯2 = ∅.
Since D(δ2) is norm dense in C(K), from the Property C there is a function g1 ∈D(δ2) such
that g1 = 1 on U¯1 and g1 = 0 on U¯2. Then we have δ(f1g1)(x1) = 0 and δ(f1g1) = 0 on U¯2.
This contradiction implies that x1 = x2 and α1 = α2.
Next, we suppose that
α3(ηx3 ◦ δ) = α4
(
ηx4 ◦ δ2
)
for x3 ∈ K(δ) and x4 ∈ K(δ2) with x3 = x4. By the same way as above, we get a function
f3 ∈D(δ2) such that δ(f3)(x3) = 0 and δ2(f3)(x4) = 0. This contradiction implies x3 = x4, that
is, α3(ηx3 ◦ δ) = α4(ηx3 ◦ δ2). We take a function f4 (= f ∗4 ) ∈ D(δ2) such that δ(f4)(x3) = 1
and h ∈ C(2)([−‖f4‖∞,‖f ‖∞]) such that h′(f4(x3)) = 0 and h′′(f4(x3)) = 1. From Property B,
h(f4) ∈D(δ2), δ(h(f4))(x3) = 0 and δ2(h(f4))(x3) = 1. This is a contradiction. Hence this case
cannot occur.
Finally, we suppose that
α5
(
ηx5 ◦ δ2
)= α6(ηx6 ◦ δ2)
for x5, x6 ∈ K(δ2) with x5 = x6. We take a function f5 (= f ∗5 ) ∈D(δ2) such that δ2(f5)(x5) = 0,
an open neighborhood U5 of x5 and an open neighborhood U6 of x6 such that U¯5 ∩ U¯6 = ∅. By
the same way as above, we have δ2(f5g2)(x5) = 0, δ2(f5g2)(x6) = 0 with g2 in Property C. This
is a contradiction. Hence x5 = x6 and α5 = α6. Consequently, if D(δ2) is norm dense in C(K),
then the expressions of αηx , α(ηx ◦ δ) = 0 and α(ηx ◦ δ2) = 0 are unique.
Now we state the main results of this section.
520 T. Matsumoto, S. Watanabe / J. Math. Anal. Appl. 315 (2006) 517–525Theorem 2.2. If an element G ∈D(δ2)∗ is an extreme point of D(δ2)∗1 , then G = αηx (α ∈ T ,
x ∈ K) or α(ηx ◦ δ) (α ∈ T , x ∈ K(δ)) or α(ηx ◦ δ2) (α ∈ T , x ∈ K(δ2)).
Proof. Suppose that L is an extreme point of S∗1 , where S := {f˜ : f ∈ D(δ2)}, then we can
extend L to the extreme point of C(W)∗1. Since the form of an extreme point of C(W)∗1 is a
point evaluation multiplied by α (α ∈ T ), there exist w ∈ W and α ∈ T such that L(f˜ ) = αf˜ (w)
(f˜ ∈ S). Hence ψ∗L is an extreme point of D(δ2)∗1 and
ψ∗L(f ) = αf˜ (w) :=
{
αηw(f ) if w ∈ X1,
αηw ◦ δ(f ) if w ∈ X2,
αηw ◦ δ2(f ) if w ∈ X3.
If w (∈ X2) /∈ K(δ) or w (∈ X3) /∈ K(δ2), then ηw ◦ δ = 0 or ηw ◦ δ2 = 0 and, of course, zero
functional is not extreme. This completes the proof. 
Next, we show the converse of this theorem, that is, G1 = αηx , G2 = α(ηx ◦ δ) (x ∈ K(δ))
and G3 = α(ηx ◦ δ2) (x ∈ K(δ2)) are extreme points of D(δ2)∗1.
In the proof of the next theorem, we use the following result of K. de Leeuw [2]. Let W be
a compact Hausdorff space and let S be a closed linear subspace of C(W) with the sup-norm.
Let w be a point of W . If there is a function in S which peaks at w, then the functional ηw is an
extreme point of S∗1 .
Theorem 2.3. Let K be a compact Hausdorff space satisfying the first countability axiom. Sup-
pose thatD(δ2) is norm dense in C(K) and δ(D(δ2)) =D(δ). Then G1 = αηx (α ∈ T , x ∈ K),
G2 = α(ηx ◦ δ) (α ∈ T , x ∈ K) and G3 = α(ηx ◦ δ2) (α ∈ T , x ∈ K) are extreme points of
D(δ2)∗1 .
Proof. Since 1 ∈ D(δ) and δ(D(δ2)) = D(δ) from the assumption, there are f0, g0 ∈ D(δ2)
such that δ(f0) = 1, δ(g0) = f0. Since then δ(f0)(x) = 0, δ2(g0) = 0 for all x ∈ K , we have
K = K(δ) = K(δ2).
For arbitrary x1 ∈ X1 (= K), we set G1 := ηx1 ∈D(δ2)∗. Let Ψ1 be any norm-preserving ex-
tension of (ψ−1)∗(G1) to C(W). Then there exist complex regular Borel measures µ1 ∈ C(X1)∗,
µ2 ∈ C(X2)∗ and µ3 ∈ C(X3)∗ such that ‖Ψ1‖ = ‖µ1‖ + ‖µ2‖ + ‖µ3‖ and
f (x1) = Ψ1(f˜ ) =
∫
K
f dµ1 +
∫
K
δ(f )dµ2 +
∫
K
δ2(f ) dµ3
for all f ∈D(δ2). Since
1 = Ψ1(1˜) =
∫
K
dµ1 =
∣∣∣∣
∫
K
dµ1
∣∣∣∣
∫
K
d|µ1| = ‖µ1‖ ‖Ψ1‖ = 1,
we have ‖µ1‖ = µ1(1) = 1 and hence µ1 is a positive measure. Since 1 = ‖Ψ1‖ = ‖µ1‖ +
‖µ2‖ + ‖µ3‖, we have µ2 = µ3 = 0. Hence for all f ∈ D(δ2), f (x1) = Ψ1(f˜ ) =
∫
K
f dµ1.
Since D(δ2) is norm dense in C(K), µ1 is the point measure at x1. Thus Ψ1 is an extreme point
of C(W)∗1 and hence (ψ−1)∗(G1) is an extreme point of S∗1 , which implies that G1 = ηx1 is an
extreme point of D(δ2)∗1.
Next, we shall show that G2 := ηx2 ◦ δ is an extreme point ofD(δ2)∗1 for each x2 ∈ X2 (= K).
Since K satisfies the first countability axiom, for each fixed point x2 there exists a countable
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exists fn ∈D(δ) such that
fn(x2) = 1, fn = 0 on K\Nn and 0 fn  1
from Property C. Put
f0 =
∞∑
n=1
fn/2n
(
1 + ∥∥δ(fn)∥∥∞).
Since δ is a closed operator, then f0 ∈ D(δ) and 0  f0(x) < f0(x2)  1 (∀x = x2). For a
sufficiently small number ε > 0, we take a real number m > 1 such that ‖δ(f0)‖∞/m < ε. Set
fε := f0/m + (1 − f0(x2)/m) ∈D(δ), then we have
0 < fε(x) < fε(x2) = 1 (∀x = x2) and
∥∥δ(fε)∥∥∞ < ε.
From the assumption δ(D(δ2)) = D(δ), there exists g1 (= g∗1) ∈ D(δ2) such that fε = δ(g1).
Then we take a function h1 ∈ C(2)([−‖g1‖∞,‖g1‖∞]) such that
‖h1‖∞ < 1,
∥∥h′1∥∥∞ = h′1(g1(x2))= 1 and ∥∥h′′1∥∥∞ < 1 − ε.
Put k1 := h1(g1); then we have k1 ∈D(δ2) from Property B,
‖k1‖∞ < 1,
∥∥δ(k1)∥∥∞ = δ(k1)(x2) = 1, ∣∣δ(k1)(x)∣∣< 1 (∀x = x2) and∥∥δ2(k1)∥∥∞ < 1.
Thus ηx2 ◦ δ is an extreme point of D(δ2)∗1 from the theorem of K. de Leeuw.
Finally, we shall show that G3 := ηx3 ◦δ2 is an extreme point ofD(δ2)∗1 for x3 ∈ X3 (= K). By
the same way as above, for sufficiently small number ε > 0 we get a function g2 (= g∗2) ∈D(δ2)
such that
0 < δ(g2)(x) < δ(g2)(x3) = 1 (∀x = x3) and
∥∥δ2(g2)∥∥∞ < ε.
Then we take a function h2 ∈ C(2)([−‖g2‖∞,‖g2‖∞]) such that
‖h2‖∞ < 1, ‖h′2‖∞ < 1, h′′2
(
g2(x3)
)= 1 and |h′′2| + ε|h′2| 1.
Put k2 := h2(g2), then k2 ∈D(δ2),
‖k2‖∞ < 1,
∥∥δ(k2)∥∥∞ < 1, ∥∥δ2(k2)∥∥∞ = δ2(k2)(x3) = 1 and∣∣δ2(k2)(x)∣∣< 1 (∀x = x3).
Hence ηx3 ◦ δ2 is an extreme point of D(δ2)∗1 from the theorem of K. de Leeuw. This completes
the proof. 
3. Linear isometries betweenD(δ21) andD(δ
2
2) with M-norm
In this section, we study the structure of surjective linear isometries of D(δ2) equipped with
the M-norm by using the results in Section 2. Denote the kernel of a closed ∗-derivation δ by
Ker(δ).
Theorem 3.1. Let Ki (i = 1,2) be a compact Hausdorff space satisfying the first countability
axiom and let δi be a closed ∗-derivation in C(Ki) (i = 1,2). Suppose that D(δ2) is norm densei
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(1) For a surjective linear isometry T from D(δ21) to D(δ22), there exist a homeomorphism τfrom K2 to K1, w1 ∈ Ker(δ2), w2 ∈ Ker(δ2) and a continuous function w3 on K2 such that
|w1(y)| = 1, |w2(y)| = 1, |w3(y)| = 1 for all y ∈ K2,
(i) (Tf )(y) = w1(y)f (τ(y)) for f ∈D(δ21) and y ∈ K2,
(ii) δ2(Tf )(y) = w2(y)δ1(f )(τ (y)) for f ∈D(δ21) and y ∈ K2,
(iii) δ22(Tf )(y) = w3(y)δ21(f )(τ (y)) for f ∈D(δ21) and y ∈ K2.
(2) Suppose that there exist w ∈ Ker(δ2) and a homeomorphism τ from K2 to K1 such that
|w(y)| = 1 for all y ∈ K2, f ◦ τ ∈ D(δ22) for all f ∈ D(δ21), g ◦ τ−1 ∈ D(δ21) for all
g ∈D(δ22), |δ2(f ◦τ)(y)| = |δ1(f )(τ (y))| and |δ22(f ◦τ)(y)| = |δ21(f )(τ (y))| for all y ∈ K2.
Then the operator T from D(δ21) to D(δ22) defined by
(Tf )(y) := w(y)f (τ(y)) for f ∈D(δ21) and y ∈ K2
is a surjective linear isometry.
Proof. At first, we recall that
extD
(
δ2i
)∗
1 =
{
αηx, β(ηy ◦ δi), γ
(
ηz ◦ δ2i
)
: α,β, γ ∈ T , x, y, z ∈ Ki
}
and the expressions of each element in extD(δ2i )
∗
1 are unique.
We show that the statement (1) holds. For each y ∈ K2, we have three possibilities:
(1) There exist x1 ∈ K1 and α1 ∈ T such that T ∗ηy = α1ηx1 .
(2) There exist x2 ∈ K1 and α2 ∈ T such that T ∗ηy = α2(ηx2 ◦ δ1).
(3) There exist x3 ∈ K1 and α3 ∈ T such that T ∗ηy = α3(ηx3 ◦ δ21).
Hence we have |T 1(y)| = 1 or T 1(y) = 0 for each y ∈ K2. Put
Ω1 :=
{
y ∈ K2:
∣∣T 1(y)∣∣= 1} (= ∅), Γ1 := {y ∈ K2: T 1(y) = 0}.
Suppose that Γ1 = ∅, then Ω1 and Γ1 are non-empty disjoint open and closed sets. Put p :=
1 − (T 1)∗(T 1) ∈D(δ22), then p is a non-zero projection, δ2(p) = 0 and δ22(p) = 0. For λ ∈ T ,
‖T 1 + λp‖M = max
{‖T 1 + λp‖∞, ∥∥δ2(T 1)∥∥∞, ∥∥δ22(T 1)∥∥∞}
= max{‖T 1‖∞, ∥∥δ2(T 1)∥∥∞, ∥∥δ22(T 1)∥∥∞}
= ‖T 1‖M = 1
and T −1(T 1 + λp) = 1 + λT −1(p), but there exists λ0 ∈ T such that
1 = ∥∥T −1(T 1 + λ0p)∥∥M = ∥∥1 + λ0T −1(p)∥∥M > 1.
This contradiction implies Γ1 = ∅. Hence for each y ∈ K2, there exist uniquely x ∈ K1 and α ∈ T
such that
T ∗ηy = αηx.
Defining that τ and w1 by T ∗ηy := w1(y)ητ(y), we get
(Tf )(y) = w1(y)f
(
τ(y)
)
for f ∈D(δ21) and y ∈ K2.
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homeomorphism from K2 to K1. This completes the proof of the statement (1)(i).
Now, we note that extD(δ2i )
∗
1 is the disjoint union of {αηx : x ∈ Ki, α ∈ T }, {αηx ◦δi : x ∈ Ki ,
α ∈ T } and {αηx ◦ δ2i : x ∈ Ki , α ∈ T } (i = 1,2) from the uniqueness of expressions of these
functionals and Theorems 2.2 and 2.3. Since T −1 is also a surjective linear isometry, we have
T ∗{βηy : y ∈ K2, β ∈ T } = {αηx : x ∈ K1, α ∈ T }
from the proof of the statement (1)(i).
Since T ∗ carries extD(δ22)∗1 onto extD(δ21)∗1, we have
T ∗
{
αηy ◦ δ2, βηz ◦ δ22: y, z ∈ K2, α,β ∈ T
}
= {αηx ◦ δ1, βηw ◦ δ21: x,w ∈ K1, α,β ∈ T }.
Next, we show that (ii) holds. Put
Ω2 :=
{
y ∈ K2: T ∗(ηy ◦ δ2) = α(ηx ◦ δ1) for some α ∈ T and x ∈ K1
}
,
Γ2 :=
{
y ∈ K2: T ∗
(
ηy ◦ δ2
)= α(ηx ◦ δ21) for some α ∈ T and x ∈ K1}.
We assume that Ω2 = ∅. Then we have
T ∗{βηy ◦ δ2: y ∈ K2, β ∈ T } ⊂
{
αηx ◦ δ21: x ∈ K1, α ∈ T
} (∗)
and
{αηx ◦ δ1: x ∈ K1, α ∈ T } ⊂ T ∗
{
βηy ◦ δ22: y ∈ K2, β ∈ T
}
. (∗∗)
From δ1(D(δ21)) =D(δ1)  1, there is a function f0 ∈D(δ21) such that δ1(f0) = 1. From (∗)
there exist x0 ∈ K1 and α0 ∈ T such that
T ∗(ηy0 ◦ δ2) = α0
(
ηx0 ◦ δ21
)
for each y0 ∈ K2. Then we have δ2(Tf0)(y0) = T ∗(ηy0 ◦ δ2)(f0) = α0(ηx0 ◦ δ21)(f0) =
α0δ21(f0)(x0) = α0δ1(1)(x0) = 0 for each y0 ∈ K2. Hence we have δ2(Tf0) = 0 which implies
δ22(Tf0) = 0. Thus we have T ∗(ηy0 ◦ δ22)(f0) = 0 for every y0 ∈ K2.
On the other hand, from (∗∗) there exist y1 ∈ K2 and α1 ∈ T such that
T ∗
(
ηy1 ◦ δ22
)= α1(ηx1 ◦ δ1)
for each x1 ∈ K1 which implies∣∣T ∗(ηy1 ◦ δ22)(f0)∣∣= ∣∣α1(ηx1 ◦ δ1)(f0)∣∣= ∣∣δ1(f0)(x1)∣∣= 1.
This is a contradiction and hence Ω2 = ∅.
Next, suppose that Γ2 = ∅. Then there exist y0 ∈ Γ2, x0 ∈ K1 and α0 ∈ T such that
T ∗
(
ηy0 ◦ δ2
)= α0(ηx0 ◦ δ21). ()
Ω2 and Γ2 are disjoint non-empty open and closed sets. Then we have two possibilities:
(4) (T −1)∗(ηx0 ◦ δ1) = α1(ηy1 ◦ δ2) for some α1 ∈ T and y1 ∈ K2.
(5) (T −1)∗(ηx0 ◦ δ1) = α2(ηy2 ◦ δ2) for some α2 ∈ T and y2 ∈ K2.2
524 T. Matsumoto, S. Watanabe / J. Math. Anal. Appl. 315 (2006) 517–525We note that y1 belongs to Ω2. We show that the case (4) dose not occur. From Property C,
there exists a function p ∈D(δ22) such that p = 0 on Ω2 and p = 1 on Γ2. From the assump-
tion δ2(D(δ22)) = D(δ2), there exists q ∈ D(δ22) such that δ2(q) = p. Let U˜y1 = {α(ηy ◦ δ2):
α ∈ T , y ∈ Ω2}, which is a w∗-open neighborhood of α1(ηy1 ◦ δ2) in extD(δ22)∗1. Then T ∗U˜y1
is a w∗-open neighborhood of ηx0 ◦ δ1 in extD(δ21)∗1 and T −1(q)|T ∗U˜y1 = 0. Thus, δ1(T
−1(q))
vanishes on an open neighborhood of x0 ∈ K1. Therefore, by Property A, δ21(T −1(q))(x0) = 0.
But, from (),
δ21
(
T −1(q)
)
(x0) =
(
T −1
)∗(
ηx0 ◦ δ21
)
(q) = α¯0(ηy0 ◦ δ2)(q)
= α¯0δ2(q)(y0) = α¯0p(y0) = α¯0 = 0.
This is a contradiction. Thus, the case (4) cannot occur. Next, we consider the case (5). Let U˜y2 =
{α(ηy ◦ δ22): α ∈ T , y ∈ K2}, which is a w∗-open neighborhood of α2(ηy2 ◦ δ22) in extD(δ22)∗1.
Then T ∗U˜y2 is a w∗-open neighborhood of ηx0 ◦ δ1 in extD(δ21)∗1 and T −1(q)|T ∗U˜y2 = 0.
Thus, δ1(T −1(q)) vanishes on an open neighborhood of x0 ∈ K1. Therefore, by Property A,
δ21(T
−1(q))(x0) = 0. But, from (), δ21(T −1(q))(x0) = 0. This is a contradiction. Thus, the
case (5) cannot also occur, which implies that () cannot occur. Hence we get Γ2 = ∅ and for
each point y ∈ K2, there exist x ∈ K1 and α ∈ T such that
T ∗(ηy ◦ δ2) = α(ηx ◦ δ1)
and w1 = T 1 ∈ Ker(δ2). Defining τ2 and w2 by T ∗(ηy ◦ δ2) := w2(y)(ητ2(y) ◦ δ1), we have
δ2(Tf )(y) = w2(y)δ1(f )
(
τ2(y)
)
for f ∈D(δ21) and y ∈ K2.
We note that w2 = δ2(Tf0) and τ2 is a mapping from K2 to K1.
Since T ∗ carries extD(δ22)∗1 and {αηy : α ∈ T , y ∈ K2} and {α(ηy ◦ δ2): α ∈ T , y ∈ K2)}
onto extD(δ21)
∗
1 and {αηx : α ∈ T , x ∈ K1} and {α(ηx ◦ δ1): α ∈ T , x ∈ K1}, respectively, for
each y ∈ K2 there exist x ∈ K1 and α ∈ T such that
T ∗
(
ηy ◦ δ22
)= α(ηx ◦ δ21).
Hence we see w2 = δ2(Tf0) ∈ Ker(δ2). Defining τ3 and w3 by T ∗(ηy ◦ δ22) := w3(y)(ητ3(y) ◦ δ21),
we have
δ22(Tf )(y) = w3(y)δ21(f )
(
τ3(y)
)
for f ∈D(δ21) and y ∈ K2
and τ3 is a mapping from K2 to K1, which implies that (iii) holds.
We show that τ = τ2. From w1 ∈ Ker(δ2), for f ∈D(δ22) and y ∈ K2
w1(y)δ2(f ◦ τ)(y) = δ2(w1f ◦ τ)(y) = δ2(Tf )(y) = w2(y)δ1(f )
(
τ2(y)
)
. ()
Suppose that there exists y0 ∈ K2 such that τ(y0) = τ2(y0). There exist an open neighborhood U1
of τ(y0) and an open neighborhood U2 of τ2(y0) such that U¯1 ∩ U¯2 = ∅. There exists a function
g1 ∈D(δ21) such that g1 = 0 on U¯1 and g1 = 1 on U¯2. Since τ is a homeomorphism, τ−1(U1) is
an open neighborhood of y0. Hence (f0g1) ◦ τ = 0 on τ−1(U1), and δ2((f0g1) ◦ τ)(y0) = 0. But
δ1(f0g1)
(
τ2(y0)
)= δ1(f0)(τ2(y0))g1(τ2(y0))= 1.
This contradicts with (). Hence we have τ = τ2. By the same way as above, we have τ2 = τ3.
Finally, taking f1 ∈ D(δ21) such that δ21(f1) = 1, then we have w3(y) = δ22(Tf1)(y). Hence
w3 is continuous on K2. This completes the proof of (1).
T. Matsumoto, S. Watanabe / J. Math. Anal. Appl. 315 (2006) 517–525 525The converse statement (2) is easily verified as follows. From the assumption in (2), T is well
defined as a linear map from D(δ22) to D(δ
2
1). Then we have
‖Tf ‖∞ = ‖f ‖∞,
∥∥δ2(Tf )∥∥∞ = ∥∥δ1(f )∥∥∞ and ∥∥δ22(Tf )∥∥∞ = ∥∥δ21(f )∥∥∞,
that is, ‖Tf ‖M = ‖f ‖M for all f ∈D(δ21). Since g ◦ τ−1 ∈D(δ21) for all g ∈D(δ22), T is surjec-
tive. Thus, all the proofs are completed. 
Now, we consider the case δ = d/dt , that is,D(δ2) = C(2)([0,1]) and δ2(f ) = f ′′ (the second
order derivative) for f ∈ C(2)([0,1]). Applying Theorem 3.1 to δ, we have the further concrete
structure of T .
Corollary 3.2. Let T be a surjective linear isometry of C(2)([0,1]) with the norm defined by
‖f ‖M = max(‖f ‖∞,‖f ′‖∞,‖f ′′‖∞). Then T has the following concrete expression:
(Tf )(x) = αf (τ(x)) for all f ∈ C(2)([0,1]) and x ∈ [0,1]
with T (1) = α (α ∈ T ) a constant and τ one of the two functions id or 1 − id.
Proof. From Theorem 3.1(1), there exist a homeomorphism τ of [0,1] and a constant function
α = T (1) (∈ T ) such that
(Tf )(x) = αf (τ(x)) for f ∈ C(2)([0,1]) and x ∈ [0,1].
Since τ is a homeomorphism, we may suppose that τ is strictly increasing on [0,1]. Since 1, id
and α = T (1) ∈ C(2)([0,1]), τ = α∗T (id) ∈ C(2)([0,1]). Next, we show τ ′ = 1. Since δ(α) = 0,
we have
1 = ‖id‖M = ‖T (id)‖M = max
(‖τ‖∞, ‖τ ′‖∞, ‖τ ′′‖∞).
From this we have ‖τ ′‖∞  1. Suppose that there exists x0 ∈ [0,1] such that τ ′(x0) < 1, then
1 = τ(1)−τ(0) = ∫ 10 τ ′(x) dx < ∫ 10 dx = 1. This is a contradiction. Thus τ ′ = 1. Since τ(0) = 0,
we get τ = id. If τ is strictly decreasing, we may consider 1 − τ . 
In this paper, we discussed under the assumption that K satisfies the first countability axiom.
However, the similar results were obtained in [3] in the case of D(δ) without this assumption.
Moreover, it is interesting to clarify the structure of surjective linear isometries of D(δn).
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